Abstract. Suppose K is a field of characteristic zero, Ka is its algebraic
Introduction
We write Z, Q, C for the ring of integers, the field of rational numbers and the field of complex numbers respectively. Recall that a number field is called a CMfield if it is a purely imaginary quadratic extension of a totally real field. Let p be a prime, q = p r an integral power of p, ζ q ∈ C a primitive qth root of unity, Q(ζ q ) ⊂ C the qth cyclotomic field and Z[ζ q ] the ring of integers in Q(ζ q ). If q = 2 then Q(ζ q ) = Q. It is well-known that if q > 2 then Q(ζ q ) is a CM-field of degree (p − 1)p r−1 . Let us put
Clearly,
where
is the p i th cyclotomic polynomial. In particular,
Q[t]/Φ p i (t)Q[t] = Q(ζ p i )
and
Q(ζ p i ).
We write F p for the finite field with p elements.
1
Let f (x) ∈ C[x] be a polynomial of degree n ≥ 4 without multiple roots. Let C f,q be a smooth projective model of the smooth affine curve
Throughout this paper we assume that either p does not divide n or q divides n. It is well-known that the genus g(C f,q ) of C f,q is (q − 1)(n − 1)/2 if p does not divide n and (q − 1)(n − 2)/2 if q divides n. The map (x, y) → (x, ζ q y)
gives rise to a non-trivial birational automorphism
of period q.
The jacobian J(C f,q ) of C f,q is an abelian variety of dimension g(C f,q ). We write End(J (f,q) ) for the ring of endomorphisms of J (f,p) over C and End 0 (J(C f,q )) for the endomorphism algebra End(J(C f,q ))⊗Q. By Albanese functoriality, δ q induces an automorphism of J(C f,q ) which we still denote by δ q . One may easily check (see which sends t + P q (t)Q[t] to δ q . One may check that this homomorphism is, in fact, an isomorphism (see [9, p. 149] , [10, p. 458] ) where the case q = p was treated).
This gives us an embedding
Our main result is the following statement. its Galois group over K is either the symmetric group S n or the alternating group A n . In addition, assume that either p does not divide n or q | n. Then
Remark 1.2.
In the case when q is a prime (i.e. q = p) the assertion of Theorem 1.1 is proven in [16, 23] . See [21, 25, 20] for a discussion of finite characteristic case.
Examples 1.3. Let n ≥ 5 be an integer, p a prime, r a positive integer, q = p r .
(1) The polynomial x n − x − 1 ∈ Q[x] has Galois group S n over Q ( [13, p. 42] ).
Therefore the endomorphism algebra (over C) of the jacobian J(C) of the curve C : y q = x n − x − 1 is Q[t]/P q (t)Q[t].
(2) The Galois group of the "truncated exponential" exp n (x) :
is either S n or A n [11] . Therefore the endomorphism algebra (over C) of the jacobian J(C) of the curve C : y q = exp n (x) is Q[t]/P q (t)Q[t].
Remark 1.4. If f (x) ∈ K[x]
then the curve C f,q and its jacobian J(C f,q ) are defined over K. Let K a ⊂ C be the algebraic closure of K. Clearly, all endomorphisms of J(C f,q ) are defined over K a . This implies that in order to prove Theorem 1.1, it suffices to check that Q[δ q ] coincides with the Q-algebra of K a -endomorphisms of J(C f,q ).
Complex abelian varieties
Throughout this section we assume that Z is a complex abelian variety of positive dimension. As usual, we write End 0 (Z) for the semisimple finite-dimensional Qalgebra End(Z) ⊗ Q. We write C Z for the center of End 0 (Z). It is well-known that C Z is a direct product of finitely many number fields. All the fields involved are either totally real number fields or CM-fields. Let H 1 (Z, Q) be the first rational homology group of Z; it is a 2dim(Z)-dimensional Q-vector space. By functoriality, End 0 (Z) acts on H 1 (Z, Q); hence we have an embedding End 0 (Z) ֒→ End Q (H 1 (Z, Q)) (which sends 1 to 1).
Suppose E is a subfield of End 0 (Z) that contains the identity map. Then
We write
for the corresponding trace map on the E-algebra of E-linear operators in H 1 (Z, Q).
Extending by C-linearity the action of End 0 (Z) and of E on the complex cohomology group
of Z we get the embeddings
which provide H 1 (Z, C) with a natural structure of free E C := E ⊗ Q C-module of rank d. If Σ E is the set of all field embeddings σ : E ֒→ C then it is well-known that
Since H 1 (Z, C) is a free E C -module of rank d, there is the corresponding trace map
which coincides on E C with multiplication by d and with Tr E on End E (H 1 (Z, Q)).
We write Lie(Z) for the tangent space of Z; it is a dim(Z)-dimensional C-vector space. By functoriality, End 0 (Z) and therefore E act on Lie(Z). This provides Lie(Z) with a natural structure of E ⊗ Q C-module. We have
Let us put
Remark 2.1. Let Ω 1 (Z) be the space of the differentials of the first kind on Z. It is well-known that the natural map
is an isomorphism. This isomorphism allows us to define via duality the natural
This provides Ω 1 (Z) with a natural structure of E ⊗ Q C-module in such a way that
In particular,
Proof. This is Theorem 2.3 of [23] .
Corollary 2.3. Suppose that there exist a prime p, a positive integer r, the power prime q = p r and an integer n ≥ 4 enjoying the following properties:
primitive qth root of unity;
(ii) n is not divisible by p, i.e. n and q are relatively prime:
(iii) Let i < q be a positive integer that is not divisible by p and
So, further we assume that q > 2. Clearly, {σ i } is the collection Σ of all embeddings Q(ζ q ) ֒→ C. It is also clear that n σi = 0 if and only if 1
. Suppose that C Z = Q(ζ q ). It follows from Theorem 2.2 that there exists a non-trivial field
Clearly, there exists an integer m such that p does not divide m, 1 < m < q and κ(ζ q ) = ζ m q . Assume that q < n. In this case the function i → n σi = [ ni q ] is strictly increasing and therefore n σi = n σj while i = j. This implies that σ i = σ i κ, i.e. κ is the identity map which is not the case. The obtained contradiction implies that n < q. 
. This implies that multiplication by m in (Z/qZ) * = Gal(Q(ζ q )/Q) leaves invariant the subset
Clearly, A contains 1 and therefore m = m · 1 ∈ A. Since m < q,
Let us consider the arithmetic progression consisting of 2m integers [
n ] + 2m with difference 1. All its elements lie between [
Clearly, there exist exactly two elements of A say, d 1 and
Then there is a positive integer c 1 such that
Clearly, either c 1 or c 1 + 1 is not divisible by p; we put c = c 1 in the former case and c = c 1 + 1 in the latter case. However, c is not divisible by p and
In particular, mc does not lie in A. It follows that c also does not lie in A and
This means that
we conclude that
and therefore
we conclude that if m > 2 then m ≥ 3 and
and therefore 3 < 3 which could not be the case. Hence m = 2 and
and therefore (q − 1) n = 3.
It follows that
Since m = 2 is not divisible by p, we conclude that p ≥ 3 and either p = 3 and A = {1, 2} or p > 3 and A = {1, 2, 3}. In both cases 4 = 2 · 2 = m · 2 must lie in A.
Contradiction.
Abelian varieties over arbitrary fields
Let K be a field. Let us fix its algebraic closure K a and denote by Gal(K) the absolute Galois group Aut(K a /K) of K. If X is an abelian variety over K a then we write End(X) for the ring of all its K a -endomorphisms. We write 1 X (or even just 1) for the identity automorphism of X. If Y is (may be another) abelian variety over X and Y are not isogenous over K a . We write End 0 (X) for the finite-dimensional semisimple Q-algebra End(X) ⊗ Q and Hom 0 (X, Y ) for the finite-dimensional Q-
It is well-known that Hom 0 (X, Y ) and Hom 0 (Y, X) have the same dimension which does not exceed 4dim(X)dim(Y ) [6] . The equality holds if and only if char(K) > 0 and both X and Y are supersingular abelian varieties [16, 22] . Let E be a number field and Ø ⊂ E be the ring of all its algebraic integers. Let (X, i) be a pair consisting of an abelian variety X over K a and an embedding
Here 1 ∈ E must go to 1 X . It is well known [7] that the degree [E : Q] divides 2dim(X), i.e.
Let us denote by End
lies in the center of the finite-dimensional Q-algebra End 0 (X, i). It follows that End 0 (X, i) carries a natural structure of finite-dimensional E-algebra. If Y is (possibly) another abelian variety over K a and j : E ֒→ End 0 (Y ) is an embedding that sends 1 to the identity automorphism of Y then we write
Clearly, End 0 (X, i) = Hom 0 ((X, i), (X, i)). If d is a positive integer then we write 
it is an abelian subvariety in X of positive dimension. Clearly, the sum map
is an isogeny. It is also clear that the intersection D s End(X) leaves
This gives us a natural identification
One may easily check that each X s is isogenous to a self-product of (absolutely) simple abelian variety. It is also clear that
We write i s for the composition
It is also clear that
(ii) Suppose that
Then X is isogenous to a self-product of (absolutely) simple abelian variety.
Also End 0 ((X, i) is a central simple E-algebra, i.e., E coincides with the center of End 0 ((X, i). In addition, X is an abelian variety of CM-type.
If char(K a ) = 0 then [E : Q] is even and there exist a
that sends 1 to 1 Z and such that
First, assume that X is isogenous to a self-product of (absolutely) simple abelian variety, i.e., End 0 (X, i) is a simple E-algebra. We need to prove that
Let E ′ be the center of End 0 (X, i). Let us put
and the number field T has degree 
This implies that
If the equality dim E (End 0 (X, i)) = r 2 holds then e = 1 and
in particular, X is an abelian variety of CM-type. In addition, since e = 1, we have
Clearly, there exists an abelian variety Z over K a with
and an isogeny
maps identically
We still have to check that if char(K) = 0 then
Since m divides r, we conclude that
Now let us consider the case of arbitrary X. Applying the already proven case of the theorem to each X s , we conclude that
It follows that if the equality
holds then the set of indices s is a singleton, i.e. X = X s is isogenous to a selfproduct of (absolutely) simple abelian variety.
Let d be a positive integer that is not divisible by char(K). Let X be an abelian variety of positive dimension defined over K. We write X d for the kernel of multi-
It is known [6] that the commutative group X d is a free Z/dZ-module of rank 2dim(X). Clearly, X d is a Galois submodule in X(K a ). We
for the corresponding (continuous) homomorphism defining the Galois action on
Clearly,G d,X coincides with the Galois group of the field extension K(X d )/K where
is the field of definition of all points on X of order dividing d. In particular, if a prime ℓ = char(K) then X ℓ is a 2dim(X)-dimensional vector space over the prime field F ℓ = Z/ℓZ and the inclusionG ℓ,X ⊂ Aut F ℓ (X ℓ ) defines a faithful linear representation of the groupG ℓ,X in the vector space X ℓ .
We write End K (X) ⊂ End(X) for the (sub)ring of all K-endomorphisms of X.
Now let us assume that
Let λ be a maximal ideal in Ø. We write k(λ) for the corresponding (finite) residue field. Let us put
Clearly, if char((k)(λ)) = ℓ then λ ⊃ ℓ · Ø and therefore X λ ⊂ X ℓ . Clearly, X λ is a Galois submodule of X ℓ . It is also clear that X λ carries a natural structure of Ø/λ = k(λ)-vector space. We writẽ
Clearly,G λ,X coincides with the Galois group of the field extension
) is the field of definition of all points in X λ .
In order to describeρ λ,X explicitly, let us assume for the sake of simplicity that λ is the only maximal ideal of Ø dividing ℓ, i.e.,
where the positive integer b satisfies
Then Ø⊗Z ℓ = Ø λ where Ø λ is the completion of Ø with respect to λ-adic topology.
It is well-known that that Ø λ is a local principal ideal domain and its only maximal ideal is λØ λ . One may easily check that ℓ · Ø λ = (λØ λ ) b .
Let us choose an element c ∈ λ that does not lie in λ 2 . Clearly,
This implies that there exists a unit u ∈ Ø * λ such that ℓ = uc b . It follows from the unique factorization of ideals in Ø that
It follows readily that
Let T ℓ (X) be the Z ℓ -Tate module of X defined as projective limit of Galois modules X ℓ m where the transition map(s) X ℓ m+1 → X ℓ m is multiplication by ℓ [6] . Recall that T ℓ (X) is a free Z ℓ -module of rank 2dim(X) provided with the continuous action
and the natural embedding
whose image commutes with ρ ℓ,X (Gal(K)). In particular, T ℓ (X) carries the natural structure of Ø ⊗ Z ℓ = Ø λ -module; it is known [7] that the Ø λ -module T ℓ (X) is free
There is also the natural isomorphism of Galois modules
which is also an isomorphism of End K (X) ⊃ Ø-modules. This implies that the
it is a 2dim(X)-dimensional Q ℓ -vector space that carries a natural structure of
There is the natural embedding
Extending it by Q-linearity, we get the natural embedding
Further we will identify End 0 (X) ⊗ Q Q ℓ with its image in End Q ℓ (V ℓ (X)).
Remark 3.3. Notice that
is the field coinciding with the completion of E with respect to λ-adic topology.
Clearly, V ℓ (X) carries a natural structure of r X -dimensional E λ -vector space. One may easily check that End
Using the inclusion
one may view ρ ℓ,X as ℓ-adic representation
Since X is defined over K, one may associate with every u ∈ End(X) and
Clearly, σ u = u ∀u ∈ End K (X).
In particular, σ u = u ∀u ∈ Ø (here we identify Ø with i(Ø)). It follows easily that for each σ ∈ Gal(K) the map u → σ u extends by Q-linearity to a certain automorphism of End 0 (X). It is also clear that σ u = u for each u ∈ E and
Remark 3.4. The definition of T ℓ (X) as the projective limit of Galois modules
It follows easily that
This implies that for each σ ∈ Gal(K)
and therefore [12, 7] . It is also clear that
We refer to [17, 18, 21, 24] for a discussion of the following definition.
Definition 3.5. Let V be a vector space over a field F, let G be a group and
We say that the G-module V is very simple if it enjoys the following property:
is an F-subalgebra containing the identity operator Id such that 
Proof. In light of 3.6(ii), the Gal(K)-module X λ is very simple. In light of 3.6(iv) and Remark 3.4
is also very simple. Let us put
It follows from Remark 3.4 that either R = E λ Id or R = End E λ (V ℓ (X)). By We write Ω 1 (Y ) (resp. Ω 1 (Z)) for the dim(Y )-dimensional (resp. dim(Z)-dimensional) K a -vector space of differentials of the first kind on Y (resp. on Z). 
is diagonalizable. Let S be the set of eigenvalues of δ * and mult Y : S → Z + the integer-valued function which assigns to each eigenvalue its multiplicity.
Suppose that P (t) is a polynomial with integer coefficients such that u = P (δ) is a non-zero endomorphism of Y . Let us put Z = u(Y ). Clearly, Z is δ-invariant
and we write δ Z : Z → Z for the corresponding automorphism of Z (i.e. for the restriction of δ to z). Suppose that
Then the spectrum of δ * Z : Ω 1 (Z) → Ω 1 (Z) coincides with S P = {λ ∈ S, P (λ) = 0}
and the multiplicity of an eigenvalue λ of δ * Z equals mult Y (λ).
Proof. Clearly, u commutes with δ. We write v for the (surjective) homomorphism 
i.e. u = jv. Clearly,
It is also clear that the induced map
coincides with P (δ * ). It follows that
and coincides with
where W λ is the eigenspace of δ attached to eigenvalue λ. Since u
the subspace
It follows that if we denote by w the isomorphism v * : 
Cyclic covers and jacobians
Throughout this paper we fix a prime number p and its integral power q = p r and assume that K is a field of characteristic different from p. We fix an algebraic closure K a and write Gal(K) for the absolute Galois group Aut(K a /K). We also fix in K a a primitive qth root of unity ζ.
be a separable polynomial of degree n ≥ 4. We write R f for the set of its roots and denote by L = L f = K(R f ) ⊂ K a the corresponding splitting field. As usual, the Galois group Gal(L/K) is called the Galois group of f and denoted by Gal(f ). Clearly, Gal(f ) permutes elements of R f and the natural map of Gal(f ) into the group Perm(R f ) of all permutations of R f is an embedding. We will identify Gal(f ) with its image and consider it as a permutation group of R f .
Clearly, Gal(f ) is transitive if and only if f is irreducible in K[x].
Further, we assume that either p does not divide n or q does divide n.
If p does not divide n then we write (as in [19] )
provided with a natural action of the permutation group Gal(f ) ⊂ Perm(R f ). It is the heart over the field F p of the group Gal(f ) acting on the set R f [5, 19] .
Remark 4.1. If p does not divide n and Gal(f ) = S n or A n then the Gal(f )-module V f,p is very simple.
Let C = C f,q be the smooth projective model of the smooth affine K-curve
So C is a smooth projective curve defined over K. The rational function x ∈ K(C) defines a finite cover π : C → P 1 of degree p. Let B ′ ⊂ C(K a ) be the set of ramification points. Clearly, the restriction of π to B ′ is an injective map B ′ ֒→
whose image is the disjoint union of ∞ and R f if p does not divide deg(f )
and just R f if it does. We write
Clearly, π is ramified at each point of B with ramification index q. We have B ′ = B if and only if n is divisible by p. If n is not divisible by p then B ′ is the disjoint union of B and a single point ∞ ′ := π −1 (∞). In addition, the ramification index of π at π −1 (∞) is also q. Using Hurwitz's formula, one may easily compute the 
with the vertices (0, 0), (0, q) and (n, 0). Let L n,q be the set of integer points in the interior of ∆ n,q . One may easily check that g = (q − 1)(n − 1)/2 coincides with the number of elements of L n,q . It is also clear that for each (j, i) ∈ L n,q
Elementary calculations ([2, theorem 3 on p. 403]) show that
is a differential of the first kind on C for each (j, i) ∈ L n,q . This implies easily that the collection {ω j,i } (j,i)∈Ln,q is a basis in the space of differentials of the first kind on C.
There is a non-trivial birational K a -automorphism of C δ q : (x, y) → (x, ζy).
Clearly, δis the identity map and the set of fixed points of δ q coincides with B ′ .
Remark 4.3. Let us assume that n = deg(f ) is divisible by q say, n = qm for some positive integer m. Let α ∈ K a be a root of f and
It is also clear that the polynomials
are separable of the same degree qm − 1 = n − 1 ≥ 4. The standard substitution
m establishes a birational isomorphism between C f,p and a curve
(see [14, p. 3359] ). In particular, the jacobians of C f and C h1 are isomorphic over K a (and even over K 1 ). But deg(h 1 ) = qm − 1 is not divisible by p. Clearly, this isomorphism commutes with the actions of δ q . Notice also that if the Galois group of f over K is S n (resp. A n ) then the Galois group of h 1 over K 1 is SS n−1 (resp.
A n−1 ). ,q) ) be the K-vector space of differentials of the first kind on C. It is well-known that dim K (Ω 1 (C (f,q) )) coincides with the genus of C (f,q) . By functoriality, δ q induces on Ω 1 (C (f,q) ) a certain
Clearly, if for some positive integer j the differential ω j,i = x j−1 dx/y ,q) ) then it is an eigenvector of δ * q with eigenvalue ζ i .
(ii) Now assume that p does not divide n. It follows from Remark 4.2 that the collection
is an eigenbasis of Ω 1 (C (f,q) ). This implies that the multiplicity of the It also follows easily that 1 is not an eigenvalue δ * q . This implies that ,q) )). In addition, one may easily check that if H(t) is a polynomial with rational coefficients such that H(δ *
Let J(C f,q ) = J(C) = J(C f,q ) be the jacobian of C. It is a g-dimensional abelian variety defined over K and one may view (via Albanese functoriality) δ q as an element of
such that δ q = Id but δ= Id where Id is the identity endomorphism of J(C). Here Aut(C) stands for the group of K a -automorphisms of C, Aut(J(C)) stands for the group of K a -automorphisms of J(C) and End(J(C)) stands for the ring of all K aendomorphisms of J(C). We write Z[δ q ] for the subring of End(J(C)) generated by δ q . As usual, we write End 0 (J(C)) = End 0 (J(C f,q )) for the corresponding Q-algebra End(J(C)) ⊗ Q. We write Q[δ q ] for the Q-subalgebra of End 0 (J(C)) generated by δ q .
Remark 4.5. Assume that p does not divide n. Let P 0 be one of the δ q -invariant points (i.e., a ramification point for π) of C f,p (K a ). Then
is an embedding of complex algebraic varieties and it is well-known that the induced map
is a C-linear isomorphism obviously commuting with the actions of δ q . (Here cl stands for the linear equivalence class.) This implies that n σi coincides with the dimension of the eigenspace of Ω 1 (C (f,q) ) attached to the eigenvalue ζ −i of δ * q . Applying Remark 4.4, we conclude that if H(t) is a monic polynomial with integer coefficients such that H(δ q ) = 0 in End(J (f,q) ) then H(t) is divisible by P q (t) in
Remark 4.6. Assume that p does not divide n. Clearly, the set S of eigenvalues
with P q/p (λ) = 0 consists of primitive qth roots of unity First, assume that q > 2. Then ϕ(q) = (p − 1)p r−1 is even and for each (index) i the difference q − i is also prime to p, lies between 1 and q and
Now assume that q = p = 2 and therefore r = 1. Then n is odd,
is a hyperelliptic curve of genus g = n−1 2 and
It is well-known that the differentials x i dx
constitute a basis of the g-dimensional Ω 1 (J(C f,2 )). It follows that δ * 2 is just multiplication by −1. Therefore
Notice that if the abelian (sub)variety Z := P q/p (δ q )(J(C f,q )) has dimension M then the data Y = J(C f,q ), δ = δ q , P = P q/p (t) satisfy the conditions of Theorem 3.9.
Lemma 4.7. Assume that p does not divide n. Let D = P ∈B a P (P ) be a divisor on C = C f,p with degree 0 and support in B. Then D is principal if and only if all the coefficients a P are divisible by q.
Since D is δ q -invariant, the rational function
for some non-zero c ∈ K a . It follows easily from the δ q -invariance of the splitting
for some non-zero rational function u(x) ∈ K a (x) and a non-negative integer i ≤ q −1. It follows easily that all finite zeros and poles of u(x) lie in B, i.e., there exists an integer-valued function b on R f such that u coincides, up to multiplication by a non-zero constant, to α∈R
On the other hand, for each α ∈ R f , we have P α = (α, 0) ∈ B and the corresponding
is divisible by q. This implies that
Also, since ∞ is neither zero no pole of h,
Since n and q are relatively prime, i must divide q. This implies that i = 0 and therefore the divisor
is divisible by q.
Conversely, suppose a divisor D = P ∈B a P (P ) with P ∈B a P = 0 and all a P are divisible by q. Let us put
One may easily check that D = div(h).
Proof. If q = p is a prime this assertion is proven in [9, p. 149], [10, p. 458] . So, further we may assume that q > p. It follows from Remark 4.3 that we may assume that p does not divide n.
Now we follow arguments of [10, p. 458 ] (where the case of q = p was treated).
The group J(C f,q ))(K a ) is generated by divisor classes of the form (P ) − (∞)
where P is a finite point on C f,p . The divisor of the rational function x − x(P ) is
Applying Remark 4.5(ii), we conclude that P q (t) is the minimal polynomial of δ q in End(J(C f,q )).
Let us define the abelian (sub)variety
Clearly, J (f,q) is a δ q -invariant abelian subvariety defined over K(ζ q ). In addition,
Remark 4.9. If q = p then P q/p (t) = P 1 (t) = 1 and therefore
Remark 4.10. Since the polynomials Φ q and P q/p are relatively prime, the homo-
has finite kernel and therefore is an isogeny. In particular, it is surjective.
Lemma 4.11.
(iii) If p does not divide n and ζ ∈ K then the Galois modules V f,p and
Proof. Clearly, we may assume that ζ ∈ K. It follows from Remark 4.3 that we may assume that p does not divide n. Clearly, the assertion (ii) implies the assertion (i). Further we will prove the assertions (ii) and (iii).
Let us consider the curve
and a regular surjective map
By Albanese functoriality, π 1 induces a certain surjective homomorphism of jacobians J(C f,q ) ։ J(C f,q/p ) which we continue to denote by π 1 . Clearly, the equality π 1 δ q = δ q/p π 1 remains true in Hom(J(C f,q ), J(C f,q/p ). By Lemma 4.8,
It follows from Lemma 4.10 that
By definition of J (f,q) , for each divisor D = P ∈B a P (P ) the linear equivalence class of 
Recall that J (f,q) is δ q -invariant and the restriction of δ q to J (f,q) satisfies the qth cyclotomic polynomial. This allows us to define the homomorphism
which sends 1 to the identity map and ζ q to δ q . Let us put
It is well-known that Ø is the ring of integers in E,
is the ring of integers in the field Q p (ζ q ). Notice also that Ø ⊗ Z p coincides with the completion Ø λ of Ø with respect to λ-adic topology and Ø λ /λØ λ = Ø/λ = F p .
It follows (see [7] ) that
is a positive integer and the Z p -Tate module T p (J (f,q) ) is a free Ø λ -module of rank
On the other hand, clearly
But we have already seen that
It follows that d = n − 1 and therefore
Proof. Combine Corollary 4.11(ii) and Remark 4.9 with easy induction by r.
Remark 4.13. Suppose that p does not divide n and consider the induced linear
It follows from Theorem 3.9 combined with Remark 4.6 that its spectrum consists of primitive qth roots of unity ζ −i (1 ≤ i < q) with 
be a separable polynomial of degree n and Gal(f ) its Galois group.
Suppose that the Gal(f )-module V f,p is very simple. Then the image Ø of
is isomorphic to Z[ζ q ] and enjoys one of the following two properties.
(i) Ø is a maximal commutative subring in End(J (f,q) );
(ii) char(K) > 0 and the centralizer of 2 -dimensional abelian variety Z over K a , an embedding Q(ζ q ) ֒→ End 0 (Z) and a Q(ζ q )-equivariant isogeny ψ :
Clearly, if (a) is fulfilled then we are done If q = p and char(K) = 0 then it is known [17] , [19, Th. 5.3] that (a) is fulfilled.
So further we may assume that (b) holds true. In particular, char(K) = 0. We may also assume that q > p. In order to finish the proof, we need to arrive to a contradiction. Clearly, ψ induces an isomorphism
that commutes with the action of Q(ζ q ). (Here again we use that char(K) = 0.)
the linear operator in Ω 1 (Z) induced by ζ q has, at most,
2 distinct eigenvalues. It follows that the linear operator in Ω 1 (Z n−1 ) = Ω 1 (Z) n−1 induced by ζ q also has, at most,
2 distinct eigenvalues. This implies that the linear operator δ * q in Ω 1 ((J (f,q) )) also has, at most,
2 distinct eigenvalues. Recall that the eigenvalues of δ * q are primitive qth roots of unity ζ −i with
Clearly, the inequality
So, in order to get a desired contradiction, it suffices that the cardinality of the set of integers
is strictly greater than (p − 1)p r−1 /2. Indeed, clearly,
Corollary 4.15. Suppose that n ≥ 5 is an integer. Let p be a prime, r ≥ 1 an integer and q = p r . Assume in addition that either p does not divide n or q | n and
be an irreducible separable polynomial of degree n such that Gal(f ) = S n or A n .
Then the image Ø of
• (i)] Ø is a maximal commutative subring in End(J (f,q) );
Proof. If p divides n then n > 5 and therefore n − 1 ≥ 5. By Remark 4.3, we may assume that p does not divide n. If we replace K by K(ζ) then still Gal(f ) = S n or A n . By Remark 4.1 if Gal(f ) = S n or A n then the Gal(f )-module V f,p is very simple. One has only apply Theorem 4.14. ,q) ). Then
is an absolutely simple abelian variety.
Replacing, if necessary, K by its subfield (finitely) generated over Q by all the coefficients of f , we may assume that K (and therefore K a ) is isomorphic to a subfield of the field C of complex numbers. So, K ⊂ K a ⊂ C. We may also assume that ζ = ζ q and consider J (f,q) as complex abelian variety.
Let Σ = Σ E be the set of all field embeddings σ : E = Q[δ q ] ֒→ C. We are going to apply Theorem 2.2 to Z = J (f,q) and E = Q[δ q ]. In order to do that we need to get some information about the multiplicities
Remark 2.1 allows us to do it, using the action of Q[δ q ] on the space Ω 1 (J (f,q) ) of differentials of the first kind on J (f,q) .
In other words, Ω 1 (J (f,q) ) σ is the eigenspace corresponding to the eigenvalue σ(δ q ) of δ q and n σ is the multiplicity of the eigenvalue σ(δ q ). 
Jacobians and their endomorphism rings
Throughout this section we assume that K is a field of characteristic zero. Recall that K a is an algebraic closure of K and ζ ∈ K a is a primitive qth root of unity.
Suppose f (x) ∈ K[x] is a polynomial of degree n ≥ 5 without multiple roots, R f ⊂ K a is the set of its roots, K(R f ) is its splitting field. Let us put 
is an irreducible polynomial over K with Galois group S n . Let Let q = p r be a power of a prime p. Let C be a smooth projective model of the K-curve y q = f (x) and J(C) its jacobian. It follows from Theorem 5.2 that if n ≥ 5 and either p does not divide n or q divides n then the algebra of L a -endomorphisms of J(C) is r i=1 Q(ζ p i ). asserts that the Galois group of h(x) − z over k(z) is S n . Let q = p r be a power of a prime p. Let C be a smooth projective model of the K-curve y q = h(x) − z and J(C) its jacobian. It follows from Theorem 5.2 that if either p does not divide n or q divides n then the algebra of K a -endomorphisms of J(C) is r i=1 Q(ζ p i ).
